The ultra-long period Cepheids (ULPCs) are classical Cepheids with pulsation periods exceeding ≈ 80 days. The intrinsic brightness of ULPCs are ∼ 1 to ∼ 3 mag brighter than their shorter period counterparts. This makes them attractive in future distance scale work to derive distances beyond the limit set by the shorter period Cepheids. We have initiated a program to search for ULPCs in M31, using the single-band data taken from the Palomar Transient Factory, and identified eight possible candidates. In this work, we presented the V I-band follow-up observations of these eight candidates. Based on our V I-band light curves of these candidates and their locations in the color-magnitude diagram and the Period-Wesenheit diagram, we verify two candidates as being truly ULPCs. The six other candidates are most likely other kinds of long-period variables. With the two confirmed M31 ULPCs, we tested the applicability of ULPCs in distance scale work by deriving the distance modulus of M31. It was found to be µ M31,ULP C = 24.30 ± 0.76 mag. The large error in the derived distance modulus, together with the large intrinsic dispersion of the Period-Wesenheit (PW) relation and the small number of ULPCs in a given host galaxy, means that the question of the suitability of ULPCs as standard candles is still open. Further work is needed to enlarge the sample of calibrating ULPCs and reduce the intrinsic dispersion of the PW relation before re-considering ULPCs as suitable distance indicators.
INTRODUCTION
Cepheid variables span a class of pulsating stars within the instability strip in the Hertzsprung-Russell diagram. Their well-known period-luminosity (PL) relation (also known as the Leavitt law, as first presented in Leavitt & Pickering 1912) makes Cepheids good standard candles. They constitute the first rung of the extra-galactic distance scale ladder. Previous studies have shown that the Cepheid PL relation can be used to determine distances out to the order of 10-30 Mpc (e.g., Freedman et al. 2001; Riess et al. 2011) using the Hubble Space Telescope (HST). When coupled with other secondary distance indicators, such as type Ia supernovae and the Tully-Fisher relation, one is able to determine distances to galaxies that are well within the Hubble flow. However, the cosmic distance ladder suffers from several uncertainties at each ladder rung. Thus, Bird et al. (2009) have proposed the use of very luminous Cepheids, the so-called ultra-longperiod Cepheids (hereafter ULPCs), to extend distance estimation beyond ≈ 100 Mpc. Besides the potential to be used as distance indicators, ULPCs can also be used to constrain and enhance our understanding of stellar pulsation and evolution theories for intermediate-to high-mass stars crossing the instability strip (Bird et al. 2009; Fiorentino et al. 2012) . Bird et al. (2009) defined ULPCs to be fundamental-mode (FU) Cepheids with pe-riods longer than ∼ 80 days.
Most studies of extragalactic distance determination use the Large Magellanic Cloud (LMC) as a distance anchor. Since the LMC has irregularity in its threedimensional shape and low metallicity, many authors suggest instead using M31 as a stepping stone to cosmicdistance determination (see, e.g., Clementini et al. 2001; Vilardell et al. 2010 , and references therein). The merits of M31 include the following: it has a simple geometry; potential M31 distance-indicator stars are bright enough to be resolved; it is a local counterpart to the spiral galaxies that are used to determine the extragalactic distance (see, e.g., Freedman et al. 2001) ; and it is a local benchmark to calibrate the Tully-Fisher relation. Despite its proximity, M31 has not been considered as a distance anchor (see, e.g., Riess et al. 2011) , because a distance anchor has to have a precise distance estimate and harbor a fair amount of distance indicators such as Cepheids. M31 has not yet met these two criteria because (1) its current distance estimate has larger uncertainty (∼ 4%, Vilardell et al. 2010) compared to other distance anchors (for example, LMC at ∼ 2% level; see Pietrzyński et al. 2013) , and (2) there was no large sample of well studied Cepheids in the literature. Nevertheless, recent studies of M31 eclipsing binaries (Lee et al. 2014b ) and Cepheids Riess et al. 2012; Kodric et al. 2013 Kodric et al. , 2014 have demonstrated the potential of establishing M31 as a distance anchor in the near future. Given the increasing importance of M31 in future distance scale work, it makes sense to search for and identify ULPCs in M31: such studies could provide a "one-step" calibration of the Hubble constant, similar to the role of NGC 4258 in Riess et al. (2011) .
Ground Table 1 , superimposed on a PTF image of M31. Note that one CCD (upper row, third from the left) is inoperable.
originate either from dedicated surveys to search for Cepheids and (detached) eclipsing binaries, or as byproducts from intense monitoring of M31 to detect micro-lensing events. Examples of the former case include Freedman & Madore (1990) , Magnier et al. (1997 ), and Vilardell et al. (2006 , 2007 , as well as the DI-RECT project (see Kaluzny et al. 1998 , and subsequent papers in the series). For the micro-lensing experiments, these include the AGAPE (Ansari et al. 2004) , the Nainital Microlensing Survey (Joshi et al. 2010) , the POINT-AGAPE Survey , the We-CAPP survey (Fliri et al. 2006) , and the POMME Survey . In addition, time-series observations of two M31 fields, using the Large Binocular Telescope, have also detected a number of short-period Cepheids (Clementini et al. 2011) . Recently, Riess et al. (2012) combined data from the POMME Survey and HST observations for 68 Cepheids, and derive a true distance of 752 ± 27 kpc to the M31. Kodric et al. (2013) presented a catalog of M31 Cepheids, including fundamental and first overtone Cepheids (as well as Type II Cepheids), based on the first year of the Panoramic Survey Telescope and Rapid Response System (PS1, Pan-STARRS1) PAndromeda Survey. A summary of these surveys and projects is presented in Table 1 , and the coverage for some of the surveys is shown in Figure 1 . These studies are limited in that most of the observations, with the exception of the POMME Survey and the PAndromeda Survey, cover only part of M31, and most of them concentrate on the disk (see Figure 1) . Furthermore, no Cepheids with periods longer than ∼ 80 days were detected in these studies. Therefore, we have initiated a program to search for ULPCs in M31 by using data from the Palomar Transient Factory (PTF; Law et al. 2009; Rau et al. 2009 ). This is because the PTF data can cover the entire disk of M31, as shown in Figure 1 . In addition, PTF observes M31 routinely with cadence up to one day. These two conditions make PTF an ideal data set to search for the ULPCs in M31. Our search results were published in Lee et al. (2013, hereafter Paper I) and Lee et al. (2014a) . Using image subtraction techniques, eight ULPC candidates were identified. Figure 2 displays the postage stamp images for these candidates based on PTF data. As mentioned in Paper I, time series V I-band data is needed to further confirm or disprove the ULPC nature of these candidates. In this work, we report the V I-band followup observations for all these eight candidates. Section 2 describes the follow-up observations, data reduction, and the calibration of the light curves. Analysis of these light curves and the results are presented in Section 3, followed by our conclusions in Section 4.
THE FOLLOW-UP OBSERVATIONS
The V I-band follow-up observations were carried out with the P60 Telescope (P60; Cenko et al. 2006) at the Palomar Observatory and the Lulin 1 m Telescope (LOT; Kinoshita et al. 2005) at Lulin Observatory. These observations began in 2012 October and ended in 2013 November. P60 is equipped with a 2k × 2k CCD with a pixel scale of 0.379 arcsec per pixel, while LOT used a 1k × 1k CCD with a pixel scale of 0.512 arcsec per pixel. Observations for both telescopes were obtained in queue mode when there was available observing time in suitable weather conditions. Imaging data from P60 was reduced with a dedicated pipeline as described in Cenko et al. (2006) . For LOT images, subroutines in IRAF 5 were used to reduce the data in the usual manner (bias and dark subtraction, and flat-fielded with master flat images). The LOT I-band images suffered from a fringing problem. To remove the fringe patterns, we median combined the I-band images for candidates with an internal ID 4-1047 6 and created a master fringe image. We selected the images for this candidate because it is located far away from the M31 bulge and disk (see Figure 1 in Paper I). Hence, the images do not have a strong background gradient. The master fringe image was smoothed by a "boxcar" averaging algorithm available from IRAF, and then scaled and subtracted from all of the LOT I-band images. Astrometric refinement for both P60-and LOT-reduced images were performed using astrometry.net (Lang et al. 2010) . Figure 3 shows the seeing distributions of all the images taken from both telescopes. It can be seen that some images with large seeing could be affected by bad weather. After visual inspection, images that were affected by bad weather were discarded. This left 568 and 386 images from P60 and LOT, respectively.
Photometry based on point-spread function fitting (hereafter PSF photometry) for the candidates and suitable stars in each frame were obtained from IRAF/DAOPHOT subroutines. For each candidate, we first created a "master" catalog (with ∼ 50 stars) that included: (1) the location of the ULPC candidate itself; (2) faint stars in the vicinity of the candidate star (selected based on the best seeing images); and (3) relatively Massey et al. 2006 ). These LGS stars were visually inspected to ensure they were located within the P60 and LOT images, as well as away from any crowded regions in the images. About ∼ 15 to ∼ 25 LGS stars in the "master" catalog were used to construct the PSF model for each image by executing the IRAF subroutines DAOPHOT.PHOT, DAOPHOT.PSTSELECT and DAOPHOT.PSF. Sky coordinates for all the stars in the "master" catalogs were then converted to pixel coordinates and saved as a coordinate file. Finally, DAOPHOT.PHOT and DAOPHOT.ALLSTAR were run with the input coordinate file and PSF model to obtain the instrumental PSF photometry for the stars in the "master" catalog.
Light Curves from Differential Photometry
The V I-band light curves for the eight candidates were constructed using differential photometry techniques given in Broeg et al. (2005) . Instead of using a single star as a comparison star (cs) to obtain differential photometry, the technique presented in Broeg et al. (2005) used a number of stars (either all stars in the images or a subset of suitable constant stars) to construct an artificial comparison star:
where m c was the instrumental magnitudes for our candidates in either the V or I band, and w i were the weights for individual comparison stars such that i w i = 1. At the first stage, we constructed differential photometry light curves for a pair of LGS stars in our "master" catalogs, as mentioned in the previous section, by taking one of them as a comparison star. We then removed those
LGS stars that exhibited a large scatter in the differential light curves. This left a subset of good LGS stars before equation (1) was applied to each of our candidates.
Since the calibrated V I-band magnitudes were available for these comparison stars from the LGS catalog, light curves constructed from equation (1) were calibrated via the following equation:
where w i were the same weights as in equation (1), and m
cs,LGS i
were the V I-band magnitudes from the LGS catalog. The calibrated V I-band light curves for the eight candidates are given in Table 2 , and displayed in panel 
ANALYSIS AND RESULTS

Period Search and Folded Light Curves
The new V I-band light curves suggested that periods for the candidates need to be revised from Paper I. For each pair of the V I-band light curves, we first subtracted the arithmetic mean of the light curve, followed by normalization of the light curve using the peak-to-peak amplitude. We then applied the well-documented LombScargle algorithm to search for periodic signals by combining these mean-subtracted and normalized pair of V Iband light curves (as shown in panel (c) of Figures 4-7) to each of the candidates. We only searched for periodic signals around ∼ ±30 or ∼ ±50 days from the periods reported in Paper I (with the exception of candidate 8-0272, for which a shorter period range was searched for periodic signals). The periods corresponding to the highest peaks in the Lomb-Scargle periodogram were taken as the periods for these candidates. They are indicated by a vertical dashed line in panel (d) of Figures 4-7, as well as listed in the second column of Table 3 . We also ran a Monte-Carlo simulation to quantify the errors on the corresponding periodic signals. Assuming the photometric errors are Gaussian, about 10,000 simulated light curves were generated using the Box-Muller method for each of the candidates. The Lomb-Scargle algorithm was then applied to these light curves in a similar fashion to the combined V I-band light curves. The errors on the derived periods were then estimated as the rms of the corresponding peaks in the power spectra.
Using the periods given in Table 3 , we folded the V Iband light curves for these eight candidates. The folded V I-band light curves were then fitted with a low-order Fourier decomposition (for example, see Simon & Lee 1981) in the following form:
where φ ∈ [0, 1] were phases of the pulsating cycles. The fitted light curves, shown as black curves in panels (e) and (f) of Figures 4-7, were used to derive the V Iband mean magnitudes (by converting the fitted light curves to intensity, taking the average, and converting back to magnitude), as well as the extinction-free Wesenheit function W . In order to be consistent with previous works (Bird et al. 2009; Fiorentino et al. 2012) , we adopted the same Wesenheit function in the form of W = I −1.55(V −I) from Udalski et al. (1999a) . The coefficient of 1.55 in the Wesenheit function is based on the extinction law from Schlegel et al. (1998) . The derived mean magnitudes and the values of Wesenheit function are listed in Table 3 . The shape of the ULPC V I-band light curves are similar to the classical Cepheids (Bird et al. 2009; Ngeow et al. 2013) , for which light curves exhibit the characteristic "saw-tooth" shape with a quick rise to maximum light followed by a slow decline to minimum light. Based on our V I-band light curves, only two of the candidates (8-0326 and 8-1498) exhibit Cepheid-like light curves, as shown in Figures 4 and 5 , respectively. The V I-band light curves for the other six candidates are given in Figures 6 and 7. These curves do not display light curves that are expected for Cepheids. In the following sub-sections, the two candidates with Cepheidlike light curves are referred to as "M31 ULPC candidates," while the other six candidates will be referred to as "M31 non-ULPC candidates." Further confirmation or falsification of their ULPC nature will be detailed in the next sub-section. We note that the two "M31 ULPC candidates" have well-determined periods (with errors of the order of ∼ 0.2%), while the periods for the "M31 non-ULPC candidates," with the exception of the candidate with an internal ID of 4-1047, have a much larger error (from ∼ 2.6% to ∼ 8%). Furthermore, as mentioned in Paper I, these two "M31 ULPC candidates" have previously been classified as Cepheids in the literature (for example, in Magnier et al. 1997 , but they have incorrect periods). The two M31 ULPC candidates have periods of ∼ 74.4 and ∼ 83.2 days, respectively. According to the definition by Bird et al. (2009) , a ULPC should have a period longer than 80 days. Hence, the ∼ 74.4 days ULPC found in this work may not be classified as ULPC. However, an 80 day period cut is rather arbitrary, and we prefer to identify the ULPCs based on the discussion given in Section 3.2. Furthermore, initial period detection searches for this candidate gave results in excess of 80 days in Paper I, and was refined to a shorter period with other period-search algorithms and V I-band light curve data. Therefore, we retained this candidate in the sample of M31 ULPCs.
Verification of the ULPC Candidates
Besides the shapes of the V I-band light curves, we verify/falsify the ULPC nature of our eight candidates by comparing them to the known ULPCs (given in Fiorentino et al. 2012) in the color-magnitude diagram (CMD) and the Period-Wesenheit diagram (PWD), collectively presented in Figure 8 . Using the CMD and PWD to identify Cepheids has been done, for example, in Udalski et al. (1999b) and Kodric et al. (2013) . Only those Cepheids identified with periods longer than ∼ 80 days will be re-classified as ULPC (Bird et al. 2009; Fiorentino et al. 2012) . When making such comparisons, we have adopted the distance modulus of M31 as µ M31 = 24.46 mag, recommended by de , to convert the observed magnitudes of these candidates to Table 3 . (e) The V -band folded light curve using the period given in Table 3 . (f ) The I-band folded light curve for the same candidate. The black curves in (e) and (f) represent the fitted light curves based on low-order Fourier decomposition. the absolute magnitudes. We also included the LMC FU Cepheids and long-period variables (LPV) based on the OGLE-III database, taken from Soszynski et al. (2008) and Soszynski et al. (2009) respectively, in these diagrams. Again, we adopted µ LMC = 18.49 mag ) when converting the observed magnitudes to absolute magnitudes. We enlarged Figure 8 by only showing the known ULPCs and our eight candidates in Figure 9 . Figures 8 and 9 reveal that the two "M31 ULPC candidates" are indeed ULPC, as both of them fall in the parameter spaces defined by the known ULPCs. The remaining six "M31 non-ULPC candidates" are falsified as ULPC based on their location in the CMD and PWD diagrams, even though a few of them may be consistent with ULPCs in either the CMD or PWD diagram, but not in both. For example, candidates 4-1047 and 9-0530 fall within the ULPC instability strip, but they are outside the ±3σ boundary of the Period-Wesenheit (PW) relation. Similarly, candidates 7-1326, 8-0272 and 8-1176 are located within the ±3σ boundary of the PW relation, however they are too red in the CMD to be considered as ULPC. Since the main goal of this work is to verify the ULPC nature of our candidates in M31, determining the nature of these six non-ULPC candidates is beyond the scope of this paper, and they will not be discussed further.
It is expected that a galaxy would have small number of ULPCs for two reasons. Firstly, ULPCs are 2012), as well as the LMC Cepheids and long-period variables (LPV) from the OGLE-III database, in the observed CMD (left panel) and PWD (right panel). We included LPVs to aid in falsifying the ULPC nature of our candidates. The LPVs were classified as small amplitude red giants (OSARG), semi-regular variables (SRV), and Mira by the OGLE team (Soszynski et al. 2009 ). Note that the saturation limit in OGLE-III data is around ∼ 13 mag to ∼ 13.5 mag. This translates to M V ∼ −5.0 mag to ∼ −5.5 mag. (Bird et al. 2009; Fiorentino et al. 2012) . Hence, their number should be lower than their shorter period counterparts that have lower mass. Second, these intermediate-to high-mass stars need to cross the instability strip in order to pulsate and the time that they spend inside the instability strip is relatively short as compared to their evolutionary age. Based on the list compiled in Fiorentino et al. (2012) , the number of ULPCs in a given galaxy ranges from one (NGC 6822), two (M81 and I Zw 18), three (SMC ang NGC 300), four (LMC, NGC 1309 and NGC 3021), five (NGC 55), and nine (NGC 3370). Then, it is not a surprise that only two ULPCs were found in M31. Another reason for detecting a small number of ULPCs in M31 could be due to characteristics of PTF data. For example, the one CCD that is out of commission covers a portion of M31's disk (see Figure 1) , and the stars in M31's bulge region are not resolvable in PTF images. Further discussion on the effect of PTF data can be found in Paper I, and will not be repeated here. A few additional ULPCs might be discovered from the three years of the Pan-STARRS1's PAndromeda Survey (M. Kodric et al. 2014, private communication) . On the other hand, if the period cut of ∼ 80 days that defines ULPC is lowered to ∼ 75 days, then there are a few more very long-period Cepheids in M31 that could be classified as ULPCs. These are listed in Table 4 . They were not reported in Paper I because their periods are lower than the search criterion of P > 80 days. Furthermore, there is no V I-band photometric data available for these Cepheids currently.
3.3. Distance Scale Application In the previous sub-section, we adopted a distance modulus for M31 in order to verify the ULPC nature of our candidates. In this sub-section, we reverse the problem by using the two confirmed ULPCs to determine the distance modulus of M31, i.e., µ = W − M W . The absolute magnitude M W of the two ULPCs can be determined from the latest PW relation as given in Fiorentino et al. (2012) : M W = −2.66 log(P ) − 3.68, with a dispersion of σ = 0.34. Since the PW relation is a statistical relation, the dispersion of this relation (σ) will dominate the error term of the derived distance modulus for individual ULPCs. Hence, we have adopted the dispersion of the PW relation as the error in the calculated distance moduli for the two M31 ULPCs: µ(8-0326) = 23.70±0.34 mag and µ(8-1498) = 24.91 ± 0.34 mag. Since the weights for these two distance moduli are the same, taking an average of them reduces to the case of an unweighted mean. This procedure yielded µ M31,ULP C = 24.30 ± 0.76 mag, where the error on the averaged distance modulus is calculated using the small number statistics given in Keeping (1962, p. 202) . The large error on the determined distance modulus is mainly due to the combination of small number statistics (as there are only two ULPCs found in M31) and the large dispersion of the PW relation for ULPCs.
G. Fiorentino (2014, private communication) suggested using the PW relation derived from ULPCs in metal-rich galaxies (hereafter metal-rich ULPCs). However, the sample of metal-rich ULPCs given in Fiorentino et al. (2012) , i.e. those with 12 + log[O/H] > 8.4 dex, only occupied a narrow range in log(P ). This causes the derived PW relation to be unreliable. Instead, we have averaged the absolute Wesenheit magnitudes for this sample of metal-rich ULPCs, yielding M W = −8.84 mag. Using this absolute Wesenheit magnitude, the derived distance modulus to M31 with our two ULPCs is µ M31,ULP C = 24.42 ± 0.68 mag with a (unbiased) standard deviation of 0.76. The value of this distance modulus is almost identical to the value recommended in de Grijs & Bono The distance moduli derived using the PW relations given in Fiorentino et al. (2012) and Bird et al. (2009) differed by 0.44 mag, albeit with large uncertainties. This reflects one of the current problems in using ULPCs to derive distances: the calibration of the ULPC PW relations is still uncertain with many discrepant results. The slope of the PW relation derived in Bird et al. (2009) , based on 18 ULPCs in metal-poor host galaxies, is essentially zero but with a large error (−0.05±0.54). In contrast, the PW slope given in Fiorentino et al. (2012) is −2.66 (though no error on the slope is quoted in their paper). The intercepts of these two Period-Wesenheit relations even displayed a larger difference: −9.06 ± 1.12 versus −3.68. The top panel in Figure 10 compares these two PW relations, while the bottom panel of the same figure shows the difference of the derived distance modulus based on these two PW relations: this can be as large as ∼ 0.5 mag. This disagreement between the two PW relations suggests more work is needed in the future to properly calibrate the ULPC PW relation. Nevertheless, the distance modulus derived from the Fiorentino et al. (2012) PW relation will be adopted in this work, because this Period-Wesenheit relation is derived from a larger sample of ULPCs than can be found in the literature. Figure 11 shows a comparison of the adopted distance modulus (based on the two M31 ULPCs) to other distance moduli given in literature. Our calculated distance modulus is consistent with some of recent determinations, including the recommended value of 24.46 ± 0.10 mag .
We note that the Wesenheit magnitudes and the distance moduli for these two ULPCs differ by ∼ 1 mag. This is not due to the "depth effect," as one ULPC is located at the near-side and another ULPC is located at the far-side of M31 (see Figure 12) . Assuming the size of M31 is about 40 kpc, the maximum difference in distance modulus for two stars located at the two extreme edges is ∼ 0.11 mag. This is ∼ 10× smaller than the observed difference. Instead, the observed ∼ 1 mag difference in Wesenheit magnitudes or distance moduli for these two ULPCs is consistent with the spread of M W at log(P ) ∼ 1.9, as shown in right panel of Figure 8 (or Figure 2 in Fiorentino et al. 2012) , and the expected spread of the PW relation (4 × σ = 1.36 mag). We believe this is due to their relative locations within the instability strip on the CMD, depending on their evolutionary status. 7 Figure 13 compares the locations of the ULPCs in individual galaxies, as listed in Fiorentino et al. (2012) , to the locations of the two M31 ULPCs in CMD and PWD. This shows that ULPCs in some galaxies (such as NGC 3370 and NGC 3021) exhibit a similar spread in Wesenheit magnitudes as in the case of the M31 ULPCs. The spread of Wesenheit magnitudes, at a given period, can be expressed as ∆M W = ∆M I − 1.55∆(V − I), where ∆M I and ∆(V − I) represent the range of magnitudes and colors, respectively, for ULPCs in the same galaxy. Therefore, assuming ∆M I ∼ 0 and a difference of ∆(V − I) ∼ 0.5 mag could translate to a difference of ∆M W ∼ 0.8 mag, which is close to the observed spread of M31 ULPCs.
8 This implies that at a given period, the Wesenheit magnitudes or distance moduli for the ULPCs can differ by as much as by ∼ 1 magnitude. This calls into question the use of ULPCs as standard candles.
CONCLUSION
In this work, we have presented the V I-band follow-up observations of eight ULPC candidates in M31. Based on their light curve shapes and their locations on the CMD and PWD, we verified that two of the candidates are indeed ULPCs, and the remaining six candidates are not ULPCs (and possibly belong to the LPV class). These six non-ULPC candidates also showed that other types of LPV could be mis-classified as ULPCs (and vice versa) if they have not had appropriate follow-up observations in the V I-bands (see also Ngeow et al. 2013) . We then used these two confirmed ULPCs to test their applicability in distance scale work by deriving the distance modulus to M31. Our derived distance modulus is consistent with the recommended value given in the literature, but with a large error of 0.76 mag. We have demonstrated three problems when using ULPCs as a distance indicator.
1. Small number statistics: the number of ULPCs is expected to be small in a host galaxy; hence, the ULPCs do not sample the instability strip well.
2. The discrepancy between PW relations in the literature: the two available PW relations from Bird et al. (2009) and Fiorentino et al. (2012) are in disagreement. As a result, the derived distance moduli can differ by as much as ∼ 0.5 mag.
3. The large dispersion of the PW relation: the current calibration of PW relation, defined as W = I − 1.55(V − I), for ULPCs still possesses a large dispersion compared to their shorter period counterparts (which is ∼ 5× smaller as shown in Ngeow et al. 2009) . Furthermore, at a given period, the back-to-back scatter in the PWD can be as large as ∼ 1 mag.
Combining these three problems with currently available PW relations results in a less precise and accurate distance modulus. As mentioned in Fiorentino's oral pre-7 The evolutionary status of ULPCs could be affected by various physical parameters, such as age, metallicity, mass-loss, and etc. However, a detailed investigation of their evolutionary status is beyond the scope of this paper.
8 To be more specific, using the values give in Table 3 , we found that ∆I = −0.527 mag and ∆(V − I) = 0.355 mag for the two M31 ULPCs yielding ∆M W ∼ 1.08 mag as observed. 9 , ULPCs are not yet ready to be used as a standard candle. Larger samples of ULPCs with well calibrated distance host galaxy distances are needed in order to derive a better PW relation (with smaller σ) before using ULPCs in "one-step" determinations of the Hubble constant in the future.
Regardless of their potential or problems in future distance scale applications, ULPCs represent a unique probe for studies of stellar pulsation and evolution because they occupy the upper part of the instability strip that has attracted little attention to date. Evolutionary tracks based on stellar evolution models appropriate for ULPCs have been explored in Bird et al. (2009) and Fiorentino et al. (2012) and will not be repeated here. In Figure 14 , we showed the isochrones adopted from Bertelli et al. (2009) 10 on the CMD, suggesting that ULPCs are young objects as expected. Nevertheless, detailed investigation of the evolutionary status for ULPCs with theoretical evolutionary tracks and isochrones is beyond the scope of this paper and will be addressed in future work.
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